SUGGESTED SOLUTIONS TO HOMEWORK 1

Solution 1. (1) Denote

L(z,y,2;€,1,¢) = !

Ary/(x =2+ (y — )2 + (2 — ()?
then the Green’s function to € is
G(z,y,2z:6,n,¢) =I'(z,y,2:§,0,() — T(=2,y,2:&,0) — Dz, —y, 2:€,m,¢) — (2,9, —2;,1,¢)
+ (=2, ~y, &, Q) + T(z, —y, —2:§,1,0) + T(=2,y, —2:£,1, ()
—I(—z,~y,—2z§,n,0).
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Solution 2. (1) The solution is

u(t,z) =3 + e tsin.

L(z",y", 2% & n,C)
F(—.’t*, y*v 2*55777, C)
F($*7 _y*7 2*7 57 7, C)

F(l'*7 y*a _Z*7 57 7, C)

+F(—557ya—27§777aC) - F(_m*7y*7_2*9§a77’<)

_Z*§€,7’],C)-

(2) The solution is
x

Vakt

u(t,z) =1+ &( )s

where £ is the Gauss error function,

E(z) = %/0 e~ ds.
1
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Solution 3. (1) For arbitrary = € 2, denote
1

YO =08, Jop, )"
then
d(Zsﬂr) :d% <|8;1| - u(z +rz)d5z>
:@ dB1(0) Vil )2
- |6;3r| 9B, (z) vel): ’ ; mdSw

since =% is an outer normal vector at 0B, (z), then by Gauss’s formula,

dé(r) r
= Au(y)dy > 0,
dr n|BT\ B, (z) ( )

which indicates that ¢(r) is an increasing function. Then by the Lebesgue’s theo-
rem,

u(z) = lim ¢(r) < ¢(r),

r—0
therefore

1 1 [
T u(y)dy = / / u(y)dS,dp
|Br| /B, (a) 1Br| Jo JoB, () Y

1 T
51 [ 10Blotar

>u(x).

(2) Let 79 € Q be a point such that u(zg) = supu, and assume that u is not
identically equal to u(zp). If g € 2, then on the one hand, since for every ball
B, (:1?0) c Q,

u(y) < u(xo),
for all y € B,(x), we have

1
|BQL()wm@§uuw
T (o

On the other hand, by (1),
1

1B J B, (z0)

u(xo)

which implies
1
u(zo) = 757 u(y)dy,
|Br| J B, (z0)

and u(y) = u(xg) for all y € B,.(xp). Consider Qy = {y € Q : u(y) = u(xp)}, then
by the above discussion, €y is open in ). In addition, because u is continuous,
then Qg is also closed in €. Since {2 is connected, therefore 2y = 2, which is a
contradiction! Therefore x¢ € 99).
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(3) Since wu is a subharmonic function, by (2),
11
maxu = max (3—5xy)=—
Q 22 4y?=1

Solution 4. (1) For arbitrary ¢t > 0 and z € €2, denote

1 // |z —yl?
= u(s,y) dyds,
Tl ) A T
then

d 2
(ZE") dr( //Eloo t—|—7'7'x—|—7“z)| 2| dzd7'>

1 2
== // (2r70su(t + 27, +r2) + Vyu(t + r*r,z +rz) - ) |2 | dzdr
4 E,(0,0)
_ L // (2(t — s)0su(s,y) + Vyu(s,y) - (x,y))| *y|2dyds
Arntl g () o vy (t — )2
=A+ B.
Introduce )
U(s,y) = —g log(4n(t —s)) — Lx(t_y) +nlogr,
since | |2 : |
— n _ r—Y _ T — Yq
O = 2(t —s) 4t —s)?’ 0¥ 2(t—s)’

and ¥(s,y) = 0 on JE(t,z,r), then by Gauss’s formula,

1
A= / / Bouls,y) - (v Vyto(s, y))dyds
r E,(tz
1
S / / ndsu(s, ) - (s,y) + Vydyuls,y) -y - (s, y)dyds
B, t,2)
1
== // ndsu(s,y) - (s,y) = Vyu(s,y) -y - 0s(s, y)dyds
r E,(t,x)

= et //E (tx)naus ) (s y) — 20— )V yu(s,y) - ydyds — B

therefore from the fact that u is a subsolution of the heat equation, by Gauss’s
formula,

de(
(ZT Z = AT // tl)nﬁusy) P(s,y) — 2(t )Vyu(s,y)-ydyds

Hence by the Lebesgue’s theorem,
u(t,x) = lim o(r) < é(r).

(2) Let (to,xo) € [0,7] x Q be a point such that u(tg,z¢) = supu, and assume
that u is not identically equal to u(tg, zo). If (to,x0) € (0,T] x Q, then on the one
hand, since for every ball E,.(to,x0) C (0,7T] x £,

U(S, y) S u(tO, 1'0)7
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for all (s,y) € E, (to,xo we have

// 8,y | o~ y|2dyds < u(toxp).
4rn E(tz) to—S)

On the other hand, by (1)

—yl?
u(to, z9) < // 5 dyds,
u 47’ E.(t, 1) to —5)?

| O*y|2
——dyd
4rn// (t,x) t _S) vas

and u(s,y) = u(tg,xg) for all y € Er(to,mo). Consider S = {(s,y) € (0,T] x
Q : u(s,y) = u(to,zo)}, then by the above discussion, S is open in (0,77 x .
In addition, because u is continuous, then S is also closed in (0,7] x Q. Since
(0,T) x € is connected, therefore S = (0, T] x €, which is a contradiction! Therefore
(t07x0) S [O,T] X ﬁ/(O,T] x €.

(3) Since u is a subsolution of the heat equation, by (2),

which implies

u(to, o)

max_u = max{ max sin 7z, max 2te’*, max(1 — cost)} = 2.
[0,T]xQ) <z<1 t>0 t>0



