
SUGGESTED SOLUTIONS TO HOMEWORK I

Solution 1. (1) Denote

Γ(x, y, z; ξ, η, ζ) = − 1

4π
√
(x− ξ)2 + (y − η)2 + (z − ζ)2

,

then the Green’s function to Ω is

G(x, y, z; ξ, η, ζ) =Γ(x, y, z; ξ, η, ζ)− Γ(−x, y, z; ξ, η, ζ)− Γ(x,−y, z; ξ, η, ζ)− Γ(x, y,−z; ξ, η, ζ)
+ Γ(−x,−y, z; ξ, η, ζ) + Γ(x,−y,−z; ξ, η, ζ) + Γ(−x, y,−z; ξ, η, ζ)
− Γ(−x,−y,−z; ξ, η, ζ).

(2) Denote

Γ(x, y, z; ξ, η, ζ) = − 1

4π
√
(x− ξ)2 + (y − η)2 + (z − ζ)2

,

then the Green’s function to Ω is

G(x, y, z; ξ, η, ζ) =Γ(x, y, z; ξ, η, ζ)− R√
x2 + y2 + z2

Γ(x∗, y∗, z∗; ξ, η, ζ)

− Γ(−x, y, z; ξ, η, ζ) + R√
x2 + y2 + z2

Γ(−x∗, y∗, z∗; ξ, η, ζ)

− Γ(x,−y, z; ξ, η, ζ) + R√
x2 + y2 + z2

Γ(x∗,−y∗, z∗; ξ, η, ζ)

− Γ(x, y,−z; ξ, η, ζ) + R√
x2 + y2 + z2

Γ(x∗, y∗,−z∗; ξ, η, ζ)

+ Γ(−x,−y, z; ξ, η, ζ)− R√
x2 + y2 + z2

Γ(−x∗,−y∗, z∗; ξ, η, ζ)

+ Γ(x,−y,−z; ξ, η, ζ)− R√
x2 + y2 + z2

Γ(x∗,−y∗,−z∗; ξ, η, ζ)

+ Γ(−x, y,−z; ξ, η, ζ)− R√
x2 + y2 + z2

Γ(−x∗, y∗,−z∗; ξ, η, ζ)

− Γ(−x,−y,−z; ξ, η, ζ) + R√
x2 + y2 + z2

Γ(−x∗,−y∗,−z∗; ξ, η, ζ).

Solution 2. (1) The solution is

u(t, x) = t3 + e−t sinx.

(2) The solution is
u(t, x) = 1 + E( x√

4kt
),

where E is the Gauss error function,

E(z) = 2√
π

∫ z

0

e−s2ds.

1



SUGGESTED SOLUTIONS TO HOMEWORK I 2

Solution 3. (1) For arbitrary x ∈ Ω, denote

ϕ(r) =
1

|∂Br|

∫
∂Br(x)

u(y)dSy,

then

dϕ(r)

dr
=
d

dr

(
1

|∂B1|

∫
∂B1(0)

u(x+ rz)dSz

)

=
1

|∂B1|

∫
∂B1(0)

∇u(x+ rz) · zdSz

=
1

|∂Br|

∫
∂Br(x)

∇u(y) · y − x

r
dSy,

since y−x
r is an outer normal vector at ∂Br(x), then by Gauss’s formula,

dϕ(r)

dr
=

r

n|Br|

∫
Br(x)

∆u(y)dy ≥ 0,

which indicates that ϕ(r) is an increasing function. Then by the Lebesgue’s theo-
rem,

u(x) = lim
r→0

ϕ(r) ≤ ϕ(r),

therefore
1

|Br|

∫
Br(x)

u(y)dy =
1

|Br|

∫ r

0

∫
∂Bρ(x)

u(y)dSydρ

=
1

|Br|

∫ r

0

|∂Bρ|ϕ(ρ)dρ

≥u(x).

(2) Let x0 ∈ Ω be a point such that u(x0) = supu, and assume that u is not
identically equal to u(x0). If x0 ∈ Ω, then on the one hand, since for every ball
Br(x0) ⊂ Ω,

u(y) ≤ u(x0),

for all y ∈ Br(x0), we have

1

|Br|

∫
Br(x0)

u(y)dy ≤ u(x0).

On the other hand, by (1),

u(x0) ≤
1

|Br|

∫
Br(x0)

u(y)dy,

which implies

u(x0) =
1

|Br|

∫
Br(x0)

u(y)dy,

and u(y) = u(x0) for all y ∈ Br(x0). Consider Ω0 = {y ∈ Ω : u(y) = u(x0)}, then
by the above discussion, Ω0 is open in Ω. In addition, because u is continuous,
then Ω0 is also closed in Ω. Since Ω is connected, therefore Ω0 = Ω, which is a
contradiction! Therefore x0 ∈ ∂Ω.
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(3) Since u is a subharmonic function, by (2),

max
Ω

u = max
x2+y2=1

(3− 5xy) =
11

2
.

Solution 4. (1) For arbitrary t > 0 and x ∈ Ω, denote

ϕ(r) =
1

4rn

∫∫
Er(t,x)

u(s, y)
|x− y|2

(t− s)2
dyds,

then

dϕ(r)

dr
=
d

dr

(
1

4

∫∫
E1(0,0)

u(t+ r2τ, x+ rz)
|z|2

τ2
dzdτ

)

=
1

4

∫∫
E1(0,0)

(2rτ∂su(t+ r2τ, x+ rz) +∇yu(t+ r2τ, x+ rz) · z) |z|
2

τ2
dzdτ

=
1

4rn+1

∫∫
Er(t,x)

(2(t− s)∂su(s, y) +∇yu(s, y) · (x− y))
|x− y|2

(t− s)2
dyds

:=A+B.

Introduce

ψ(s, y) = −n
2
log(4π(t− s))− |x− y|2

4(t− s)
+ n log r,

since

∂sψ =
n

2(t− s)
− |x− y|2

4(t− s)2
, ∂yiψ = − (xi − yi)

2(t− s)
,

and ψ(s, y) = 0 on ∂E(t, x, r), then by Gauss’s formula,

A =
1

rn+1

∫∫
Er(t,x)

∂su(s, y) · (y · ∇yψ(s, y))dyds

=− 1

rn+1

∫∫
Er(t,x)

n∂su(s, y) · ψ(s, y) +∇y∂su(s, y) · y · ψ(s, y)dyds

=− 1

rn+1

∫∫
Er(t,x)

n∂su(s, y) · ψ(s, y)−∇yu(s, y) · y · ∂sψ(s, y)dyds

=− 1

rn+1

∫∫
Er(t,x)

n∂su(s, y) · ψ(s, y)−
n

2(t− s)
∇yu(s, y) · ydyds−B,

therefore from the fact that u is a subsolution of the heat equation, by Gauss’s
formula,

dϕ(r)

dr
≥− 1

rn+1

∫∫
Er(t,x)

n∆yu(s, y) · ψ(s, y)−
n

2(t− s)
∇yu(s, y) · ydyds

≥0.

Hence by the Lebesgue’s theorem,

u(t, x) = lim
r→0

ϕ(r) ≤ ϕ(r).

(2) Let (t0, x0) ∈ [0, T ] × Ω be a point such that u(t0, x0) = supu, and assume
that u is not identically equal to u(t0, x0). If (t0, x0) ∈ (0, T ]× Ω, then on the one
hand, since for every ball Er(t0, x0) ⊂ (0, T ]× Ω,

u(s, y) ≤ u(t0, x0),
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for all (s, y) ∈ Er(t0, x0), we have

1

4rn

∫∫
Er(t,x)

u(s, y)
|x0 − y|2

(t0 − s)2
dyds ≤ u(t0x0).

On the other hand, by (1),

u(t0, x0) ≤
1

4rn

∫∫
Er(t,x)

u(s, y)
|x0 − y|2

(t0 − s)2
dyds,

which implies

u(t0, x0) =
1

4rn

∫∫
Er(t,x)

u(s, y)
|x0 − y|2

(t0 − s)2
dyds,

and u(s, y) = u(t0, x0) for all y ∈ Er(t0, x0). Consider S = {(s, y) ∈ (0, T ] ×
Ω : u(s, y) = u(t0, x0)}, then by the above discussion, S is open in (0, T ] × Ω.
In addition, because u is continuous, then S is also closed in (0, T ] × Ω. Since
(0, T ]×Ω is connected, therefore S = (0, T ]×Ω, which is a contradiction! Therefore
(t0, x0) ∈ [0, T ]× Ω/(0, T ]× Ω.

(3) Since u is a subsolution of the heat equation, by (2),

max
[0,T ]×Ω

u = max{ max
0<x<1

sinπx,max
t>0

2te1−t,max
t>0

(1− cosπt)} = 2.


